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1 FRLW Universes

1.1 FRLW Metric

For a 3-D hyper-sphere,the distance between two points of space is:

ds* = f(r)dr? + r?df + r*sin® 0 (1.1.1)
Gaussian Curvature: . af ()
.
b= 1.1.2
2f2(r)r dr ( )
Solution: )
= — 1.1.3
f) = g (113)
Let C = 1,and introduce cosmological scale :
k
Adr? = —Adt* + aQ[diT2 + r2(d6* + sin® 0dp?)] (1.1.5)
1—Kr2 o
[ —¢? 0 0 0 i
2
a
0 _— 0 0
1— Kr?
Suv = (116)
0 0 ar? 0
0 0 0 a?r?sin? 6
g0 = —¢%, g1 = L gao = a’r?,  g33 = a’r’sin?6 (1.1.7)
00 ) T K2 ;833 1.
1 1— Kr? 1 1
00 11 22 33
= ——, = —F, = s = — 1.1.8
8 c? 8 a? & a?r? & a2r2 sin® 0 ( )
gOO,"/ =0 (’Y: 0717273) (119)
1 2aa 2a°Kr
- = == = =0 1.1.10
g11,0 21— K2’ g11,1 (1 — KT2)2’ g11,2 = 811,3 ( )
0.0 = 2aar®,  goo1 =20, gaoo =ga3 =0 (1.1.11)
8330 = 2aar? sin? 6, 2331 = 2a%rsin? 0, g332 = 2a’r sin?, g333=0 (1.1.12)
1.2 Christoffel Symbols
o 1 oy
I, = 5877 (8uvaw + 8uvn — 8uy) (1.2.1)
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Non-zero components of Christoffel Symbols

F(l)l = %gO’Y(gl%l +81y,1 — 811,9) = _%googlm = cél—ai(fi{r?
r9, = %gow(gzw,z + 22,2 — 822,7) = —%googm,o = —aar?
ng = %g07<g3%3 + g3+,3 — g33,7) = —%googgz’,p = c%adr sin’ 9
Lo = %g”(gm,o + 80y, — 8j0.) = %g”gij,o = 355
Fh = %gh(gly,l + 81y,1 — g11,»y) = %gngu,l = 1_K7;;742
[y = %glfy(g%g + 82y,2 — €22,4) = —%guggg,l = —r(1 — Kr?)
33 = %glv(g3%3 + 83+,3 — 833,7) = —%guggg,l = —rsin? (1 — Kr?)
rf, = %gh(gl%z + 82,1 — 812,7) = %gmgm,l = %
I} = %g?w(gl'y,i% + g3y,1 — 813,7) = %ggsggg,l = %
Fg:a = %ggv(g?y,s + g3y,2 — 823,4) = %ggsggg,z = —sin 6 cosf
I3 = %gzv(gws +834,3 — €33,7) = %gmggg,z = cot 6
fori,j = 1,2,3

1.3 Ricci Tensor

Ry, =19, —T9, , +T79 T/ —T91%

nv,o no,v pot pv prv= po

Non-zero components of Ricci Tensor:

_T0 o o P o 1P
Roo = TG00 =000 + T'pel'00 — I'pol 00

_ 10 o o 0 o o
=T60,0 = L's,0 + I0eL00 = I'ool'0s
2

ia — a a
=0-3 0—3(-)?
a? + (a)

a

R = FTI,O’ - FTO’,l + Fgori)l - Feri)a
= (F%m + F%1,2 + F?1,3) - (F(1)1,0 + F%m)
+ (P1olYy + T30y + T30y + Tl 4+ T505)

— (T T4, + T T8, + T, T8 + T, T, + T, T, + T T)

1.2 a2+ad 2 a? 2K
LR o Rl R wy ol wy ol
_ 1ai+2d® 42K
T2 1-Kr?2

1.4 72

a K
= g(a + 2@ + 2@)5%11

(1.2.2)
(1.2.3)
(1.2.4)
(1.2.5)
(1.2.6)
(1.2.7)
(1.2.8)
(1.2.9)
(1.2.10)
(1.2.11)

(1.2.12)

(1.3.1)

(1.3.2)

(1.3.3)
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Roy =T9; , =19, 5 + 15,5, — 7,5,

= (Fg2,0 + 1—%2,1) - (F§3’2) + (05,19, + T§,T3,)

— ([9,T50 + T35 + L5510, + T35, + T5,155)
c%(ngzZ—erz%)gm (1.3.4)
Raz =15 , =T, 3+ 19,15 — 7,15

= (ng,o + F%3,1 + ng,z) -0

+ (08,135 + 7,3 + T'5,135)

- (ngsrgo + F})3F§1 + F,2>3F§2 + Fi3rg3)

1 a a? K
= cj(a+2¥+2¥)g33 (1.3.5)

We can get the following equations in using the same principle:

Roo = —3% (1.3.6)
1.,a a? K
Rij = g(g + 2a*2 + 2a72>gij (137)
6 a a* K
_ba o K 1.3.
R c2(a+a2+a2) (1.3.8)
1.4 Friedmann Equation
Einstein Field Equation:
1 81G
Rl,,y — ig'l“/R + Agﬂy = CTYL'” (141)
Energy-Momentum Tensor: »
Tl“/ = (p + Cig)ulbul/ +pguu (142)
Cosmological Principle:
T, = diag{pc®, p,p, p} (1.4.3)
According to the above equations:
i, K& A? 881G
- —_— = — 1.4.4
P+ - =T (1.4.4)
a a Kc? 8rG
2=+ (=) + — — AP =——+ 1.4.5
R Ve (1.45)
Define Hubble parameter: )
a
g=2 1.4.6
. (1.46)
Equation of State:
p = wpc® (1.4.7)
Using 1.4.4,1.4.6 and 1.4.7,1.4.5 can be re-expressed as:
p+31+w)Hp=0 (1.4.8)
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Which is Continuous Equation.
Assume the expanding of universe is a Adiabatic Process, First Law of Thermodynamics:

dE 4 pdV =0 (1.4.9)
Where:
E = (pm+p)V=pV,V xad? (1.4.10)
1.4.9 can be re-expressed as:
%(pag) +p%(a3) =0 (1.4.11)

Particles of matter are non-relative,w,, = 0, while pressure p is mainly provided by radiation
which means w, = 1/3,s0 1.4.8 can be re-expressed as:[3]

d 3 1d 4
— ——(pra®) =0 1.4.12
(pma®) + = (pra) (1.4.12)
Assume matter is strictly conserved:
d 3 1d 4
—(pma’) =0, ——(pra®)=0 1.4.13
3 (Pma”) C g erat) ( )
Which means:
pmxa 3 proca? (1.4.14)

3H?
Define Cosmological Critical Density:p. = ﬁ And 1.4.4 can be re-expressed as:
m

H2
02 = 97»70(174 + Qm70a73 + QK70a72 + QA,O (1415)
0
Where: 876G 876G K A
TG pro T Pmo
0,0 = Qg = GPmo g B g, = 1.4.16
,0 SHg m,0 3H02 K,0 Hoza% A0 3H3 ( )

1.5 Cosmological Compositions Dominant Era:

Current Cosmological Parameter:

Qmo=03, Qa0=07 Q.9=10"°
Hy' =14Gyr, ao=1 (1.5.1)
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Figure 1: The evolution of matter density and radiation density over time.,available at https:
//github.com/Wang-ZhengYi/DE_HW

The evolution from Radiation Era to Matter Era:

a_4 a_3
QT’O? — Qm 0——a 3 (152)
0 Qg
Q,
og = =% ~ 2.80 x 10~ (1.5.3)
m,0
o= 0 1357 x 10 (1.5.4)
Qeq

y _L/“L
“TH )., 0+ )BE)2

eq

_ 1 /Oo dz
Ho J.., (1+2)y/Qo(l+2)1 + Qo o(1+2)3 + Qoo
~ 4.68 x 10%yr (15.5)

The accelerating moment:
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Qm Qm 0 a73
e = —— — Q = 2 < - Q -
q 9 A 2 a(TS A0 0
_ (Smoyys
QCA*(QQA) ~ 0.598
Ze = % _ 1=~0.671

Gc

p 1 /°° dz
" Ho ), (1+2)E(2)Y/2
~ 7.54Gyr

1.6 Big Bang Criterion

Critical condition of Big Bang Theory:|2]

H2 == Hg [QA,O + (1 - QnL,O - QA,O)CL:2 + Qm,Oa(TS] =0

Which can be re-express as:

41— Qo — Qa0) + 2792, Q0 =0

m,0

Introduce the following variable:

Qa0
*= o)
1.6.2 can quickly reduce to:
3 3 1—8Qmpo
T —x =0

Assume (2, o > 0,we can get 3 cases of 1.6.3:

1
e 0< QrrL,O S 5
1 1-— Qm
Q0 = 4, 0 cosh[= cosh ™ (——20))
, , 3 Qm.,O
1
° 5 < Qm,O S 1
1 -,
Qa0 =4Qm0 cos[g COS_l(Tpp>]
o QWL,O > 1
1 1- Q'm 4
Qa0 =40 cos[§ cos_l(ﬁp’o) + ?ﬂ]

(1.5.6)
(1.5.7)

(1.5.8)

(1.5.9)

(1.6.1)

(1.6.2)

(1.6.3)

(1.6.4)

(1.6.5)

(1.6.6)

(1.6.7)
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Figure 2: FRLW universes, differences of the current density of matter and dark energy make
different universes, available at https://github.com/Wang-ZhengYi/DE_HW

The scale factor a must be negative in the past if point (Q,, 0,4 0) is above the blue soild

line in Figure 2.
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2 Perturbation Theory

2.1 The Conform Newton Gauge:

—dr? = a®(n)[=(1 + 2¢)dn® + (1 — 2¢)dapdz*da’]

[ —(1+2¢) 0 0 0
0 1—2¢ 0 0
_ 2
g#l/ =a (77) O 0 1 _ 2(;5 0
0 0 0 1—2¢
2.2 Christoffel Symbols
o 1 oy
F;w = ig (gu"/,u + Svy,u — g/u/,"/)
Non-zero components of Christoffel Symbols
I = H+¢
T =i
LY =[H — ¢~ 2H() + )10
i 1
Loo = ?1/’,1‘
F?o = (H — ¢)dir
F?j = —¢ j0ik — 05k + O k0ij
2.3 Ricci Tensor
RMV = FZV,U - FZO’,V + F,garﬁu - FZVFZU

Non-zero components of Ricci Tensor:

Ry; = ng,o' - Fgo',i + thfrgi - ngrga
= ng,o + 10— (Fgo,z‘ + 194 + (T0oT0; + F%jl—‘(o)i + 1—‘?01—%1'

+ F?kréi) — (T0:T00 + ngrgj + F?iréo + P?irék)
=vi—¢i— (Vi—30:)+3HY; +3H¢,; — (H; +3H¢ ;)

=2+ 2H,;

(2.1.1)

(2.1.2)

(1.2.1)

~ ~ o~ o~ o~
S S Sy
T s W

Mo

—_ =
o — D D T

o N o

(1.3.1)

(2.1.9)
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We can get the following equations in using the same principle:

Rm=—3%+%¢ﬁ+3é+ﬂﬂ¢+2@
Rij = 0:[(242 + ad)(1 — 26 + 2b) — a® H(6¢ + 1))
- QQé + @) — (¥ — )45
—a(H2 4 D1 o) — 2y
R_aH+ﬁx12m i

. . . 4
—6¢ —6H (¢ +4¢) + a7¢7ii

3 Dark Energy models(Dark Energy Field)

3.1 Quintessence

The action of calibration ¢:
1
s=- [ dey=g |3(v02 + V(o)
Lagrangian:
1
2 = 50,60"6 +V(9)

Energy-Momentum Tensor:

2 45
RANE T
1
= 0,00, ~ g | 389000+ V()]

Cosmological principle:

1., 171
22

&+V@ﬂ
Continuous Equation:

¢¢+£¢+3H¢

((b-i-f—&-?)Hd))

f
c? d¢

=0
That is:

av
¢+H$+3H¢—0

(2.1.10)

(2.1.11)

(2.1.12)

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)
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3.2 Quintessence Calibration Field

Lagrangian:
1 .
L= 3o+ V(9)
Hubble parameter and its time derivation:

2

="
3

Baiﬂ V(o) + p}
2

Where:x? = 87G,e = +1

Continuous Equation:

e(&é+3H¢B)+%:O

Introduce the following variables:

_Ldv ke Y
KVd¢’ _\/6H7y_\/§H

N =Ina, A=

dy _1dy s d(VV
dN  Hdt 3gdt\ H
1 dv . ~
— " ¢H - HJV
s v’
V3H H?
_@(_Lg)( o )(M/V)— WV H
2 " kVde¢' ' V6H 'V3H' /3H H?
NG K2 ed? + (14 Wm)pm
V6 1 |er2¢? K2(1 + W) pm
_ 3H? 1 .
\/6)\ 1 5m2¢.)2 21+ wm)(7 B §€¢2 -V
=5 xy+§y 72 + H?
V6 'l ek2¢? ew?g?
_ V6 1 ~301
5 Moyt 5y |65z + 30 wm) =304 wn) |
6 3
- ‘gxxy + Syl = wm)ea® + (1 + wn) (1 = %))

4 Density Evolution

4.1 Energy density perturbation

Perturbation scale factor

K2V
3H

)

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

(4.1.1)
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Friedmann Equation without Dark Energy

- =— Q - 4.1.2
a 2 m,04 ( )
5 .
1—2)—>(2a
iy _ ( 3) 3(a6+a5)
ap 1 9
) a(l-3)
_a §+2HS
a 3-94§
H? 5 0+ 2HS
=g et T
2
= —HTQm(a) 15
(-5
3
H2
~ —TQm(a)(l +9) (4.1.3)
Ignore second order small quantity
6+ 2HS — gHQQm(a)é =0 (4.1.4)
Which is Perturbation Evolution Equation
4.2 Linear Growth Factor
Friedmann Equation with Dark Energy
a o2
5 1. . .
) a1 0y _ Lo
%_a( 3) 3( ad + ad)
ap 1 _ 9
a(1-3)
_a  0+2Ho
B 3-96
H? 6+ 2HS
=~ [m(a) + (14 Bu(@) (1 = Q@) -
H? 1 1
= (2 (@) —5— + (14 Bw(@)) (1 ~ Uy () —5—)
(1-32)° (1—2)3
3 3
H2
~ —T[Qm(a)(l +9)+ (1 +3w(a)(1 — Qp(a)(1+9))] (4.2.2)
Define X (a):
X(a) = —om O [*3/%0“ (@) = O (2L h (4.2.3)
afl_mel_QmOexp ’ na w(a )] = Qna 2 2.
Growth Factor 5(a)
a
D= 4.2.4
3(a0) (24
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And its first order derivative and second order derivative:

F 1 d(a)
~ aH (ap) )
.1 8@ =)
~ a2H? d(agp)

We can get the following equation from 4.2.1-4.2.6:

v 3 w(@) 1D 3 X() D
D+2{11+X(a)]

Linear Growth Factor

And its first order derivative and second order derivative:

o aD' - D
a
1 (1 (a) _ 4(a)
a? \H 6(ap)  6(ao)
G = %(aQDN —2aD’ +2D)
a

L[ 200 @WL s ) asta)
a3 | H? d(ao) H é(ap)  d(ag)

We can get the following equation from 4.2.7-4.2.10:
G// z_§ w(a) g/ §1_'LU(U/)§_O
2 21+X(a)] a 21+ X(a)a?
4.3 Numerical Simulation

4.2.7 in ACDM model:

Ola) = 593@) {Qm(a) /T Qu(a) + <1+ Qm2(a)> <1+ Q4 (a)
w models:[1]
w(a) = wo + aw’
1
X(a) = fﬁ eXp[f3/ dln a,w(a’)]
Qma wo 4
- -
And:
"o 7 3 w(a) G 31— w(a) G
¢ = [221+X(a>} @ 21+ X(a)a?
= A(a)G" + B(a)G

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)
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Euler Method
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Figure 3: Linear growth factor and its normalized form, available at https://github.com/
Wang-ZhengYi/DE_HW

13


https://github.com/Wang-ZhengYi/DE_HW
https://github.com/Wang-ZhengYi/DE_HW

BNU-DoA Theories and Observations of Dark Energy Wang Zheng-Yi

References

[1] E. V. Linder and A. Jenkins. Cosmic structure growth and dark energy. Monthly Notices of the Royal
Astronomical Society, 346(2):573-583, 12 2003.

[2] G. P. Efstathiou M. P. Hobson and A. N. Lasenby. General Relativity: An Introduction for Physicists.
Cambridge University Press, 2 2006.

(3] WEEH IR SFT. (FH KRR ey ) . HERHE G, 2011.

14



	FRLW Universes
	FRLW Metric
	Christoffel Symbols
	Ricci Tensor
	Friedmann Equation
	Cosmological Compositions Dominant Era:
	Big Bang Criterion

	Perturbation Theory
	The Conform Newton Gauge:
	Christoffel Symbols
	Ricci Tensor

	Dark Energy models(Dark Energy Field)
	Quintessence
	Quintessence Calibration Field

	Density Evolution
	Energy density perturbation
	Linear Growth Factor
	Numerical Simulation


